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Compact Sets

▶ A subset S ⊂ C is compact if for any sequence
(zn : n ∈ Z+) ⊂ S , there exists a subsequence (znk : k ∈ Z+)
such that is convergent and

lim
k→∞

znk ∈ S

▶ A subset S ⊂ C is compact if and only if it is closed and
bounded

▶ A subset S ⊂ C is compact if and only if the following holds:
Given any countable collection of open subsets O1,O2, . . . of
C, such that

S ⊂ O1 ∪ O2 ∪ · · · ,

there exists a finite subcollection On1 , . . . ,Onm such that

S ⊂ On1 ∪ On2 ∪ · · · ∪ Onk
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Limit of a Function

▶ Let f : S → C be a function

▶ Given w ∈ S and L ∈ C, we say

lim
z→w

f (z) = L

if for any sequence (zn : n ∈ Z+) ⊂ S such that

lim
n→∞

zn = w ,

the following holds:

lim
n→∞

f (zn) = L
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Continuous Functions
▶ Let S ⊂ C
▶ A function f : S → C is continuous if for each w ∈ S ,

lim
z→w

f (z) = f (w)

▶ A function f : S → C is continuous if and only if for any open
subset O ⊂ C, f −1(O) ⊂ S is relatively open, i.e., there exists
an open subset U ⊂ C such that

f −1(O) = U ∩ S

▶ If f : S → C is continuous, then for any compact subset
C ⊂ S , f (C ) ⊂ C is compact

▶ If f : S → R is continuous, then for any compact subset
C ⊂ S , there exists zmin, zmax ∈ C such that for any z ∈ C ,

f (zmin) ≤ f (z) ≤ f (zmax)
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Continuity and Uniform Continuity

▶ A function f : S → C is continuous if and only if the following
holds: For each z ∈ S and for any ϵ > 0, there exists
δ(z , ϵ) > 0 such that

|w − z | ≤ δ(z , ϵ) =⇒ |f (w)− f (z)| ≤ ϵ

▶ A function f : S → C is uniformly continuous if and only if
the following holds: For any ϵ > 0, there exists δ(ϵ) > 0 such
that for any z ∈ S ,

|w − z | ≤ δ(ϵ) =⇒ |f (w)− f (z)| ≤ ϵ
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Examples
▶ The function

D(0, 2) → C
z 7→ z2

is uniformly continuous
▶ The function

C → C
z 7→ z2

is not uniformly continuous
▶ The function

D(0, 1)\{0} → C

z 7→ 1

z

is not uniformly continuous
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On Compact Domain, Continuity =⇒ Uniform Continuity
(Part 1)

▶ Theorem: A continuous function f : C → C, where C ⊂ C is
compact, is uniformly continuous

▶ Proof:
▶ Fix any ϵ > 0
▶ For any z ∈ C, there exists δz > 0 such that

∀w ∈ C , |w − z | < δz =⇒ |f (w)− f (z)| < ϵ

2

▶ Therefore, for any w1,w2 ∈ D(z , δz),

|f (w2)− f (w1)| ≤ |f (w2)− f (z)|+ |f (w1)− f (z)| < ϵ
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On Compact Domain, Continuity =⇒ Uniform Continuity
(Part 2)

▶ On other hand,
C ⊂

⋃
z∈C

D(z , δz)

▶ C compact implies there exists z1, . . . , zN ∈ C such that

C ⊂ D(z1, δ1) ∪ · · · ∪ D(zN , δN), where δk = δzk

▶ By assumption, if w1,w2 ∈ D(zk , δk), then

|f (w2)− f (w1)| < ϵ

▶ Let

δ =
1

2
min(δ1, . . . , δN)

8 / 9



On Compact Domain, Continuity =⇒ Uniform Continuity
(Part 3)

▶ For any ϵ > 0, let δ be as given above

▶ For any w1 ∈ C , there exists 1 ≤ k ≤ N such that
w1 ∈ D(zk , δk)

▶ If |w2 − w1| < δ, then

|w2 − zk | ≤ |w2 − w1|+ |w1 − zk | < 2δ < δk

▶ It follows that w1,w2 ∈ D(zk , δk), and therefore,

|f (w2)− f (w1)| < ϵ

▶ This shows that for any ϵ > 0, there exists δ > 0 such that if
w1,w2 ∈ C , then

|w2 − w1| < δ =⇒ |f (w2)− f (w1)| < ϵ
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