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Algebra of Formal Power Series

▶ Essentially the same as algebra of polynomials

▶ No claims about convergence are made here

▶ Consider two power series:

∞∑
k=0

akz
k and

∞∑
k=0

bkz
k

▶ Addition

∞∑
k=0

akz
k +

∞∑
k=0

bkz
k =

∞∑
k=0

(ak + bk)z
k
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Multiplication of Power Series

( ∞∑
k=0

akz
k

)( ∞∑
k=0

bkz
k

)
= (a0 + a1z + a2z

2 + a3z
3 + · · · )(b0 + b1z + b2z + b3z

3 + · · · )
= a0b0 + (a1b0 + a0b1)z + (a2b0 + a1b1 + a0b2)z

2

+ (a3b0 + a2b1 + a1b2 + a0b3)z
3 + · · ·

=
∞∑
k=0

 k∑
j=0

ak−jbj

 zk
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Reciprocal of Power Series (Part 1)
▶ Given a power series

∞∑
k=0

akz
k ,

want to solve for the coefficients of the power series
∞∑
k=0

ckz
k =

1
∞∑
k=0

akz
k

▶ Use multiplication formula

1 =

( ∞∑
k=0

ckz
k

)( ∞∑
k=0

akz
k

)
= (c0 + c1z + c2z + c3z

3 + · · · )(a0 + a1z + a2z
2 + a3z

3 + · · · )
= c0a0 + (c1a0 + c0a1)z + (c2a0 + c1a1 + c0a2)z

2

+ (c3a0 + c2a1 + c1a2 + c0a3)z
3 + · · ·
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Reciprocal of Power Series (Part 1)
▶ Therefore,

c0a0 = 1

c0a1 + c1a0 = 0

c0a2 + c1a1 + c2a0 = 0

c0a3 + c1a2 + c2a1 + c3a0 = 0

▶ Solve for c0, c1, c2, c3:

c0 = a−1
0

c1 = −a−1
0 c0a1

c2 = −a−1
0 (c1a1 + c0a2)

c3 = −a−1
0 (c2a1 + c1a2 + c0a3)

▶ Solve for ck in terms of recursive formula:

ck = −a−1
0

k∑
j=1

ak−jcj
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Division of Power Series (Part 1)

▶ Given power series

∞∑
k=0

akz
k and

∞∑
k=0

bkz
k ,

want to solve for the coefficients of the power series

∞∑
k=0

ckz
k =

∑∞
k=0 akz

k

∞∑
k=0

bkz
k
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Division of Power Series (Part 2)

▶ Use multiplication formula

∞∑
k=0

akz
k

=

( ∞∑
k=0

bkz
k

)( ∞∑
k=0

ckz
k

)
= (b0 + b1z + b2z

2 + b3z
3 + · · · )(c0 + c1z + c2z + c3z

3 + · · · )
= b0c0 + (b1c0 + b0c1)z + (b2c0 + b1c1 + b0c2)z

2

+ (b3c0 + b2c1 + b1c2 + b0c3)z
3 + · · ·

=
∞∑
k=0

 k∑
j=0

bk−jcj

 zk

7 / 11



Division of Power Series (Part 3)
▶ Therefore,

b0c0 = a0

b0c1 + b1c0 = a1

b0c2 + b1c1 + b2c0 = a2

b0c3 + b1c2 + b2c1 + b3c0 = a3

▶ Solve for c0, c1, c2, c3:

c0 = b−1
0 a0

c1 = b−1
0 (a1 − b1c0)

c2 = b−1
0 (a2 − b1c1 − b2c0)

c3 = b−1
0 (a3 − b1c2 − b2c1 − b3c0)

▶ Solve for ck in terms of recursive formula:

ck = b−1
0

ak −
k∑

j=1

bbck−j
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Laurent Series
▶ A Laurent series is an infinite sum of the form

a−mz
−m + · · ·+ a−1z

−1 + a0 + a1z + · · · =
∞∑

k=−m

akz
k

▶ Algebraic formulas are essentially the same as for power series
▶ If −m < −n,

∞∑
k=−m

akz
k +

∞∑
k=−n

bkz
k =

−n∑
k=−m

akz
k +

∞∑
k=−n

(ak + bk)z
k

( ∞∑
k=−m

akz
k

)(∑
k=−n

bkz
k

)
=

∞∑
k=−m+n

 k∑
j=−m

ajbk−j

 zk

▶ The order of a Lauren series
∞∑

k=−m

akz
k ,

where a−m ̸= 0 is defined to be −m
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Division of Power Series

▶ A power series vanishes to order n if the first nonzero term
is anz

n

▶ Example: The power series of sin(z) vanishes to order 1,

sin(z) = z − z3

3!
+

z5

5!
+ · · · =

∞∑
k=0

(−1)k
z2k+1

(2k + 1)!

▶ The reciprocal of a power series that vanishes to order greater
than 0 is a Laurent series

▶ The quotient of a power series, where the denominator
vanishes to order k , is a Laurent series
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Reciprocal of sin(z)
▶ The Taylor series of sin(z) is

sin(z) = z − z3

3!
+

z5

5!
+ · · ·

▶ If
1

sin(z)
= c−1z

−1 + c0 + c1z + · · · ,

then

1 =

(
z − z3

3!
+

z5

5!
+ · · ·

)
(c−1z

−1 + c0 + c1z + · · · )

= c−1 + c0z +
(
c1 −

c−1

3!

)
z2 +

(
c2 −

c0
3!

)
z3 + · · ·

▶ Therefore,

c−1 = 1, c0 = 0, c1 =
1

6
, c2 = 0

and
1

sin(z)
=

1

z
+

z

6
+ · · ·
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