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Winding Numbers of Homotopic Closed Curves Are Equal

» If ¢o:[a,b] = O and ¢ : [a,b] — O are homotopic closed
curves in O and zg ¢ O, then

W(C()7 Z()) = VV(C;[7 Zo)

» This follows directly from the homotopic form of Cauchy'’s
theorem

» Corollary: If ¢ : [a,b] — O is a closed curve null homotopic in
O, then for any zy ¢ O,

W(C, Zo) =0

» Contrapositive: If ¢ : [a, b] — O is a closed curve and there
exists zp ¢ O such that

W(C7 ZO) 7é 0,

then c is not null homotopic in O
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Winding Number Is an Integer (Part 1)

» Let c:[a,b] = C be a closed curve and zy ¢ ¢
» There exists r : [a, b] — (0,00) and 6 : [a, b] — R such that

c(t) = zo + r(t)e’®),

where r(b) = r(a) and eif(b) — oif(a)
» There exists k € Z such that 6(b) — 0(a) = 27k
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Winding Number Is an Integer (Part 2)

» The winding number of ¢ around zj is

W(c,zo):l,/ dz

2mi J. z — 29

Y 2 B
27i Ji—y c(t) — 20
1 t=b /gi6 | it "
270y, ref?

= % t brr/ + i6' dt

- (log(r(b)) — log(r(a)) + i(6(6) — 6(2)))

27r/

=k,
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Homologous Curves

>

>

>
>

Goal: Distinguish between an open set with holes from one
without holes
Let U C C be open
Let zp € C\U
Idea: zj lies in a hole of U if there exists a closed curve ¢ in U
that goes around z

> le., W(c,z)=0
A closed curve c : [a, b] — U is null homologous in U if for
any zo ¢ U,

W(C, Zo) =0

Two closed curves
a:la, bl = U, & :laz, byl > U
are homologous if for any zy ¢ U,
W(ci1, z0) = W(e, 20)
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Homotopic =—> Homologous

» If c1,cp C U are closed curves that are homotopic in U, then
they are homologous in U

» This follows by the observation above that two closed curves
have the same winding number around a point that does not
lie on either curve

» Equivalently, if ¢ is a closed curve that is null homotopic in U,
then it is homologous to 0 in U

» Converse is not true: If ¢ is a closed curve that is null
homologous in U, it is not necessarily null homotopic
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Pochhammer Contour

» Null homologous in C\{z;, z;}, because

W(’}/?Zi) = W('%ZJ') =0

» Not null homotopic

» Intuition: Any homotopy from ¢ to a point must pass through
Z1 Or Zp

» Rigorous proof not so easy
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https://en.wikipedia.org/wiki/Pochhammer_contour

Chains

» A chain in U € C is the union of a finite set of oriented curves
Cly...,CN

in U, where the same curve can appear more than once
» A chain is denoted

c=ca+---+cn

» If there are my copies of ¢, my copies of ¢y, ..., m, copies of
Cn, then the corresponding chain can be written as

micy + -+ MpCy

» If m< 0, then mc = (—m)(—c)
> If m,n € Z, then

mc + nc = (m+ n)c

» A chain is closed if all of the curves are closed
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Contour Integral and Winding Number of Chain

» The contour integral of a holomorphic function f : U — C on
a chain
cC=mic1 + -+ Mmucy

is defined to be
/f(z)dz:m1/ f(z)dz+---+m,,/ f(z) dz
c C1 Cn

> If zp ¢ c, then

W(C720)=/C i

zZ— 2

dz dz
:ml ++mn
CIZ—ZO C,,Z_Zo

=m W(Cl,ZO) + o4+ my W(C,,,Zo)

» A chain ¢ C U is homologous to 0 in U if for any zy ¢ U,
W(c,z) =0
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Homologous Form of Cauchy's Theorem

» Theorem. If U C C is open and ¢ C U is a closed chain
homologous to 0 in U, then for any holomorphic f : U — C,

/Cf(z) dz =0

» Corollary. If ¢1, ¢y are homologous closed chains in U, then
for any holomorphic f : U — C,

/Cl f(z)dz:/c2 f(z)dz

» Proof of Corollary. If c1, co homologous in U, then the
closed chain ¢ = ¢ — ¢; is homologous to 0 in U and
therefore, by the theorem above,

OZ/Cf(z)dz:/Qf(z)dz—/qf(z)dz
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Homologous Form of Cauchy Integral Formula

» Theorem. If U C C is open and ¢ C U is a closed chain
homologous to 0 in U, then for any zy ¢ U and holomorphic
f:U—C,

l/f(Z)dZ: W(C,Zo)f(ZO)

27 J. z — 29
» Proofs of the homogous forms of Cauchy’s Theorem and

Cauchy integral formula are given in book

» If the chain consists of disjoint closed curves, then it follows
from Green's theorem
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