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Residue of a Meromorphic Function
> Let

o0

f(z)= Y an(z— 2)"

n=—oo

where the sum converges absolutely on D(z, R)\{z0} for

some R >0
» Recall that if ¢ = 9D(zy, r), oriented counterclockwise, then
1 1 ifn=-1
5= [(z—20)"dz = o
2mi J. 0 ifn#-1

» Therefore, if 0 < r < R, then

/Cf(z) dz:/c i an(z — 20)" dz

n—=—oo

_ i a,,/c(zzo)”dz

n=—o0
= 27ria_1
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Residue Formula

» If f is a homorphic function on D(zp, r)\{zo} for some r > 0
and its Lauren series is

[e.o]

fz)= Y alz—=2)",

k=—00
then we define the residue of f at zy to be
Res,, f =a_1

» Let O C C be open and ¢ C O be a closed chain that is null
homologous in O

» If f is a holomorphic function on O\{z,...,zn}, then

N
/ f(z) dz =2mi Y W(c,z)Res,, f

¢ k=1
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Proof of Residue Formula (Part 1)

» Foreach k=1,..., N, let D(zx, rk) C O be disks such that
foreach1 <j, k<N,

D(zy, re) N D(zx, ry) =0
» Therefore, if cx = dD(zx, ry) oriented counterclockwise, then
W(ck,zk) =1 and W(ck,z) =0if j # k
» By definition of the winding number of a chain,
N

N
Wlc— Z W(c, zj)cj, zi | = W(c, zk) Z W(c, z))W(cj, z«)
j=1 j=1

=0
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Proof of Residue Formula (Part 2)

» Therefore,

/Cf(z) dz = 2mi W(c, z) /Ck f(z) dz

k=1

N
=2mi Y W(c,z)Res,,

k=1

5/11



Residue Using Cauchy Integral Formula

» Recall that if f is holomorphic on an open set containing
D(zo, r), then

f(z) ) ()
—V T dZ = 2mi
/ao(zo,r) (z — zo)k+? k!
» Suppose
_ f(2)
h(z) = (z — z0)<+H

» The residue of h at zg is
1

Res,, h = — h(z) dz
’ 271 Jop(z,r) (=)

1 f(2)
B % /BD(zo,r) (Z - ZO)k+1 o

_ 1 ()
27 k!
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Example (Part 1)

=241 241

e
—_

A

—2—i ¢ 2—1

P> Let ¢ be the contour shown above and R the open set inside ¢

eZ
> i A
Consider /C =17 dz
> If ;
e
flz) = —os
()= 51
then

z

W dZ = 27Ti(ReSO f + RES]_ f)
c _
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Example (Part 2)

> If ;
e
W)=y
then f; is holomorphic on R\{—1} and
f]_ V4
flz) = 112

» Therefore, if ¢; = 9D(0, %) then

Resg f = 1/ f(2) dz
a

27
= (0)
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Example (Part 3)

» Similarly, if

and c; = 9D(1, 1), then

1 h(2)
Res; f = ——
ST o ), @1y

= £(1)

» On the other hand,

and therefore

» [t follows that

dz
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Order of Meromorphic Function at a Point

» If f is holomorphic on D(zy, r)\{zo} and has a Laurent series

of the form -

f(z2) = au(z — )",

k=n
where a, # 0, then the order of f at zj is defined to be

ord, =n
» Observe that
f'(z) o kar(z — z9)k1
f(2) > ken ak(z — 20)%
- (1) (el St - )Ty

z— 29 an(z — z0)k=" >0 ak(z — zp)k—n

_ < 1 ) n+ Zk:n+1 kax(z — zo)k_”
C\z—2z L+ hmnst ax(z — zg)k—n
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Orders of Meromorphic Function Inside Closed Chain

» Therefore,
A

Res,, 7= ord, f

» Observe that if f(z) # 0, then ord,, =0

» It follows that if O C C is open and f is a meromorphic
function with zeros and poles of finite order at z3, ..., zy,
then given any closed chain ¢ C O\{z,...,zn},

f‘/
/ (2) 4y = W(c,zi)ordy, f+ -+ W(c,zn)ordy, f
c f(2)
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