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Analytic Isomorphisms

» Theorem. If U C Cis open and f : U — C is holomorphic
and injective, then for every z € U,

f'(z) #£0
and the inverse map
frf(U) = U
is also holomorphic
» Such a map is called an analytic isomorphism

> If U,V C C are open, then they are analytically isomorphic
is there exists an analytic isomorphism

f-U—-YV

such that f(U) =V
» An analytic isomorphism f : U — U is an analytic
automorphism

» Let Aut(U) denote the space of all analytic isomorphisms
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Sketch of Proof

» For each zy € U, f is analytic and therefore has a power series

f(z) = a(z— 20)*

k=n
» If m>1, then
f(z) = a,,(z—zo)”(l—l—bl(z—zo)+b2(z—zo)2+‘ <) =~ an(z—20)",

which is not injective
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Basic Properties of Analytic Isomorphisms
> Iff:U— Vand g:V — W are isomorphisms, then so is

gof:U—W
> If f: U— V is an isomorphisim, then so is
fFlav U

> If f,g: U — V are isomorphisms, then there exists
h € Aut(V) such that

g=hof
> If U,V are isomorphic, there is a bijection
Aut(U) = Aut(V)

» In particular, if f: U — V is an isomorphism and g : U — U
is a map, then

g € Aut(U) <= fogofteAut(V)
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Aut(U) is a Group

» Group multiplication: f,g € Aut(U) = fog € Aut(V)
> Associativity: If f, g, h € Aut(U), then

(fog)oh="fo(goh)
> Identity element: The map / : U — U given by
I(z) ==z

is an isomorphism such that for any f € Aut(U),
fol=1lof=f

» Inverse element: For any f € Aut(U), f~! € Aut(U)
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Riemann Mapping Theorem

Tnversion Exponential N Squaring Moebius

» Let D= D(0,1)
> Let U C C be open

» Theorem. There exists an analytic isomorphism
f:U—=D

» Corollary. If U,V C C are open, then they are analytically
isomorphic
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Upper

Half-Plane is Isomorphic to Disk (Part 1)

The upper half-plane is

H={x+iyeC: y>0}

Theorem. The map

z— |
z+i

f(z) =

is an analytic isomorphism from H to D

Observe that

. x+i(y —1)
Fx+iy) = ——>—
If y >0, then (y — 1)? < (y + 1)? and therefore
. -1 2 2 -1 2
|f(X—|—iy)|2 _ ’X+l(y )’2 — X2+(y )2
x+i(y +1)] x2+(y+1)

Therefore, f(H) C D

<1
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Upper Half-Plane is Isomorphic to Disk (Part 2)

| 2

If

z— 1

z+1i’
then
wz+iw=2z—i|

and therefore

I+w (A4+w)(1l-w) 1—-|wP+w-—w
zZ =1

1w | 1w T 1w

If w € D, then 1 — |w|? > 0 and therefore the imaginary part

of z is
1 |wf?

-
It follows that F~1(D) Cc H
This implies that f(H) = D and f}(D) = H

im(z) >0
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Analytic Isomorphism from First Quadrant to Disk

> Let
Q={x+iy: x,y >0}

» Observe that the map g(z) = 22

from Q to H
» Therefore, if f : H — D is the analytic isomorphism from
above, then the map

is an analytic isomorphism

72—

fog(z):f(zz):ﬁ

is an analytic isomorphism from @ to D

9/20



Automorphisms of Disk: Rotations

» A basic question is what are the analytic automorphisms of
the unit disk?

» Given ¢ € R, the function Ry : D — D given by
R(z) = ez

is an analytic isomorphism of D that rotates each z
counterclockwise by angle ¢
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Automorphisms of Disk: Rescale Upper Half Plane
» Given any p € (0,00), the function S, : H — H given by

5,,(2) = pZz

is an isomorphism of H that rescales each z by a factor of p

» This defines an isomorphism of D given by

_ 1+2z . 1+z
fospof1(2):f05p<11_z):f<1p1 )

— Z
_iptE i p(l+2) - (1-2)
ipZ+i  p(l+z)+1-z

_(p+Dz+p-1 z+a
(p—1z+p+1 1+az

where o € (0,1)
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Automorphisms of Disk: Shift Upper Half Plane

» Given any t € R, the function T; : H — H given by
Ti(z)=z—t

is an isomorphism of H that shifts each z horizontally by t

» This defines an isomorphism of D given by

_ A4z d+z
foTiof l(z):foTt<ll_Z>:f(,l_z_t>

., <i(1 ) —t(1— z)> | (e
1—~2 (i—tl)i—:i—t iy

(i—t)z4+i—t—i(l—-z) (2i—t)z—t

(i—t)z+i—t+i(l—2z) —tz+2i—t

_2i—t Z— B t
Toi—t\1-az/) YT 2t
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Analytic Function Not Injective at Critical Point (Part 1)

» Recall that if f(z) = (z — )", then for any r > 0 and
0<k<n-1,

i2m 2m(n—1)
Z1=¢€n,...,Znp1—€ n

are n distinct values such that
27

f(zo+ren)=1r"

and therefore if n > 2, f is not injective for any D(z, r)
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Analytic Function Not Injective at Critical Point (Part 2)

» Let O C C be open and f : O — C be holomorphic

» Theorem. If zp € O is a critical point of f, then for any
r>0, f:D(z,r) — Cis not injective
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Proof (Part 1)
» For simplicity, assume that f(zp) = ap =0
» Since f'(z) =0,

o0
Zak zZ — Zo
k=2

> If, for every k > 2, a, = 0, then f is constant and therefore
not injective
» Can therefore ssume there exists n > 2 such that a, # 0 and

f(z) = Z ax(z — zo)k
k=n
= ap(z — z0)" (1 + Z bnik(z — Zo)k) )

k=1

An+k

where by = =2
n
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Proof (Part 2)

» There exists Ry > 0 be such that D(zp, Ry) C O and for all
S D(Zo, Ro),

<1
2

> bnsk(z = 20)"
k=1
» Therefore, for any z € 9D(zy, Ro)

1
5lanllz — 20| < |f(2)] < [anl|z — 2|
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Proof (Part 3)

» Since f'(z9) = 0 and is analytic, it has a power series

f'(z) = (z — 20) Z ck(z — zo)k

k=0

and therefore there exists ¢/ > 0 such that

f'(2)] < 'lz = 2|
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Proof (Part 4)

» For any 0 < r < R, there exists z; € D(z, r) such that
f'(z1) #0

Otherwise, f is constant on D(zy, r) and therefore not
injective
» On the other hand, since for any z € D(z, R),

1
f(2)] > 5lanllz — 2",

the only zero of f in D(zy, R) is zp and

f'(2)

n= ——dz
/<9D(20,R) f(z) — f(z0)
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Proof (Part 5)
» If g(z) = f(z) — f(z1), then
f(z) = f(z1) < &(2) =0

» If N is the number of zeros in D(zy, R) of g(z), then

/ /
27riN:/ g(2) dz:/ &,
9D(z),R) &(2) aD(z0),R) f(2) — f(21)

» Observe that since |z — z9| = r, if z € ID(z, R) and

1
R,

r<oim

7(2) = Flan)| = 1F2)] = £ > Janl (377 17) = 37
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Proof (Part 6)

» Therefore,

|2i(N — n)| = /6 f(z) f(2) dz

bR F(2) — F(z1)  f(2)
/ f'(2) f(z1)
<
oD(z,R) | £(2) || f(2) — f(21)
cR" ap|r"
%]an\R” %\a,,]R"
87.”,n+1

dz

< 2rr

» Since this holds for any r < R, follows that N = n

» Since N = n > 1 and the order of the zero at z; is 1, the
number of distinct zeros of g has to be at least 2

» It follows that f is not injective on D(zy, r) for any r > 0 such
that D(z,r) C O

20/20



